
Optics Communications 233 (2004) 107–112

www.elsevier.com/locate/optcom
Optical gyroscope with whispering gallery mode
optical cavities

A.B. Matsko *, A.A. Savchenkov, V.S. Ilchenko, L. Maleki

Jet Propulsion Laboratory, California Institute of Technology, 4800 Oak Grove Drive, Pasadena, CA 91109-8099, USA

Received 28 September 2003; received in revised form 16 January 2004; accepted 20 January 2004
Abstract

We propose a miniature optical gyroscope based on a waveguide coupled sequence of whispering gallery mode

microresonators. Sensitivity of this sensor is expected to be large due to large dispersion of the system.
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1. Introduction

Optical gyroscopes are widely used in space-

crafts and satellites, aircrafts and remote control

devices, and in many other industrial and military
sensors. Commercial applications of gyroscopes

call for their minimum size, weight, low power

consumption and integration to the optical fiber

systems. The idea of usage of passive and active

optical ring interferometers for detection of rota-

tion was developed and implemented a couple of

decades ago [1–3]. However, the further develop-
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ments and improvements are still actual and

important.

A miniature integrated optical sensors for gy-

roscope systems was recently proposed [4]. It was

predicted that the sensor may possess high enough
sensitivity even on a millimeter size scale. Another

recent development was connected with highly

dispersive media. It was noted that the phenome-

non of ‘‘slow light’’ generated due to electromag-

netically induced transparency and coherent

population trapping may boost the sensitivity of

optical gyros enormously [5] compared with the

gyroscopes of the same size based on usual Sagnac
effect [6] in dispersionless media.

Shortcomings in applications of atomic cells is

connected with difficulty of their integration into

fiber optics systems, specific operational frequen-

cies determined by atomic transitions, and large

residual absorption of light in atomic medium.
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There exists, however, an alternative to the ‘‘slow

light’’ in atomic vapor that does not have those

shortcomings. A sequence of coupled optical res-

onators can possess by large optical dispersion and

slow group velocity of light [7]. Those systems

were studied intensively with respect to optical
soliton propagation, tunable optical delay lines,

nonlinear optical switching and pulse compres-

sion, power limiting and others [8–10]. Recent

successes with integration of whispering gallery

mode resonators into photonic circuits prove

practicality of those ideas [11–16].

We here propose to use high-Q microresonators

coupled to an optical waveguide for the purpose of
detection of a rotation. We discuss dispersion

properties of the system and study the quantum

restrictions of the sensitivity of an optical gyro-

scope based on ‘‘slow light’’ propagation in the

system. We show that this device combines high

sensitivity and small size, which is important for

various practical applications.
2. An analysis of the response of a waveguide

coupled to a resonator

We consider first a lossless ring resonator con-

nected via a lossless coupler to an ideal transmis-

sion line. Energy transmission coefficient of the

coupler T ð1 > T Þ determines the inverse value of
the resonator finesse. The electromagnetic field

EinðtÞ enters the resonator through the coupler,

and EoutðtÞ exits the resonator. We introduce the

resonator field via two electromagnetic waves

propagating inside the resonator and going out of

the coupler ðE1ðtÞÞ and into the coupler ðE2ðtÞÞ.
Assuming that the coupler has a zero response

time, we can write the boundary conditions on the
coupler surface as

E1ðtÞ ¼ EinðtÞ
ffiffiffiffi
T

p
� E2ðtÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
1� T

p
; ð1Þ

EoutðtÞ ¼ �EinðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1� T

p
� E2ðtÞ

ffiffiffiffi
T

p
: ð2Þ

Fields E1 and E2 are connected by the condition

E2ðtÞ ¼ �E1ðt � sÞ; ð3Þ

where s is the round-trip time for the resonator

(s ¼ 2pan0=c for the case of a whispering gallery
mode, where a is the mode radius, n0 is the me-

dium index of refraction, and c is the speed of light

in the vacuum). Eq. (2) transforms to

E1ðtÞ � E1ðt � sÞ
ffiffiffiffiffiffiffiffiffiffiffiffi
1� T

p
¼ EinðtÞ

ffiffiffiffi
T

p
: ð4Þ

Let us simplify the problem and consider the

case when the field inside the resonator can be
presented as a product of a fast oscillating part

� expð�ix0tÞ and a slow oscillating part ~EðtÞ, i.e.
EðtÞ ¼ ~EðtÞ expð�ix0tÞ. We assume that the slow

field amplitude inside the resonator does not

change significantly during the single round-trip

time. Then the expression (3) can be expanded into

Taylor series. Keeping linear term in s only, we

obtain

~E1ðt � sÞ ’ ~E1ðtÞ � s _~E1ðtÞ: ð5Þ
Substituting (5) into (1) we get an equation that

allows us to calculate the field inside the resonator,

if we know the pump field

_~E1ðtÞ þ
1

s
1

�
�

ffiffiffiffiffiffiffiffiffiffiffiffi
1� T

p
eix0s

�
~E1ðtÞ ¼ ~EinðtÞ

ffiffiffiffi
T
s2

r
:

ð6Þ
Eq. (6) is quite general and it is valid for pulses
longer than the resonator round-trip time, when

we may consider a single resonator mode neglect-

ing the others.

2.1. Resonant pulse

For a resonant pulse the carrier frequency x0

coincides with one of the resonant frequencies of
the resonator, x0s ¼ 2pN (N is an integer num-

ber). We consider the case of high finesse 1 � T
resonator and long enough pulse so the pulse is not

disturbed via the resonator dispersion. Than the

solution of Eq. (6) is

~E1ðtÞ ¼
2ffiffiffiffi
T

p ~Ein t
�

� 2s
T

�
: ð7Þ

For the outgoing field, we find

~EoutðtÞ ¼ ~Ein t
�

� 4s
T

�
: ð8Þ

We see that the resonator results in the group
delay of the pulse. The group delay is proportional
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to the light power build up in the resonator. Eqs.

(7) and (8) are valid for pulses much longer than

the group delay time 4s=T , which also coincides

with the width of the resonator resonance.

For the case of many resonators that interact
with the waveguide, but do not interact with each

other, the group delay increases additively [9]. The

minimum group velocity in such a system may be

estimated as

Vgjmin ’
aT
2s

¼ c
T

4pn0
: ð9Þ

The averaged group velocity does not depend on

the resonator size.
Propagation of a light pulse through the region

of the waveguide coupled to a resonator resembles

usual ‘‘slow light’’ propagation: the front edge of

the pulse is absorbed by the resonator and emitted

in the propagation direction after ring-down time

of the resonator. The back edge of the pulse is

delayed in the same way. As the result the pulse

shrinks in length during its interaction with the
resonator. If initial pulse duration was t0, the du-

ration while pulse propagation through the reso-

nator is t0 � 4s=T . However, the pulse completely

restores its shape after the interaction if the pulse is

long enough, i.e. the frequency spectrum of the

pulse is much narrower than the width of the

resonator resonance.
2.2. Off-resonant pulse

For a pulse with carrier frequency obeying

x0s ¼ 2pN þ p (N is an integer number) the en-

ergy build up in the resonator is small

~E1ðtÞ ¼
ffiffiffiffi
T

p

2
~EinðtÞ; ð10Þ

and the output field is not influenced by the reso-

nator

~EoutðtÞ ¼ ~EinðtÞ: ð11Þ
The group velocity is equal to the phase velocity as

one would expect.

Therefore, to achieve small group velocity on
the microsphere-modified waveguide one should

tune all resonators to a single frequency which is
equal to the frequency of the laser used for the

measurements.

In the following section, we show how high

optical dispersion may result in increase of a re-

sponse of an optical gyroscope that utilizes the

dispersive medium.
3. Optical gyro in a dispersive medium

It is known that linear dispersion may sig-

nificantly increase optical ‘‘dragging coefficient’’

and, therefore, media characterized by slow

propagation of light pulses may be useful for
detecting optical rotation [5]. In this section, we

derive an expression for the relative phase shift

for two light waves counter-propagating in a

dispersive medium. We use simple classical ar-

guments as of [2].

Let us consider two light waves propagating in

a circle waveguide of radius R that rotates clock-

wise with small angular velocity X. The clockwise
propagating light wave makes full circle in time tþ
and counter-clockwise in time t�, where

t� ¼ n�
c
ð2pR� XRt�Þ; ð12Þ

where n� is the index of refraction of the medium

that originates from the medium dispersion and
Sagnac effect. We assume that the dispersion re-

sults from a narrow transparency resonance of

arbitrary nature. The difference between travelling

times tþ and t� is

Dt ¼ tþ � t� ’ 4pR
n0
c

Dn
n0

�
þ XR

n0
c

�
; ð13Þ

where n� ¼ n0 � Dn0, n0 � jDnj, n0 is the index of

refraction of the motionless medium (X ¼ 0) at

frequency x0.

To find Dn we note that due to the Sagnac effect
the resonant frequency that characterizes the ro-

tating medium changes with respect to the fre-

quency of the light depending on the propagation

direction of the light relative to the rotation di-

rection

x� ¼ x0 1
�

� XR
n0
c

�
: ð14Þ
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Fig. 1. A waveguide sensor for rotation measurements. High

dispersion of the waveguide is achieved due to its coupling to

high-Q WGM resonators placed along the waveguide rim.
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We assume that the material possesses large posi-

tive dispersion on=ox � 1=x0; than

Dn
n0

’ xþ � x0

n0

on
ox

¼ XR
x0

c
on
ox

; ð15Þ

and

Dt ¼ 4pR2X
n0
c2

n0

�
þ x0

on
ox

�
: ð16Þ

The phase difference between the waves is (cf. Eq.
(2.1) of [2])

D/ ¼ 2pc
k

Dt ¼ 8p2R2Xn0
kVg

; ð17Þ

where Vg ’ c=½x0on=ox� is the group velocity in

the system, k ¼ 2pc=x0 is the wavelength of the

light in the vacuum.

It is easy to see from Eq. (17) that the signal
phase shift of the gyro increases inversely pro-

portional to the group velocity. Therefore, if the

gyroscope is made of a waveguide coupled to

many resonators, the sensitivity of such loop may

be large.
4. A gyroscope based on a waveguide coupled to
lossless optical microresonators

Shot noise limited sensitivity of a gyroscope

may be found from expression D/ > 2n�1=2
out , where

nout is the sum of photons exiting the waveguide. In

accordance with Eqs. (9) and (17) the shot noise

limited sensitivity of a gyroscope that uses a ring

transmission line constructed of a waveguide
coupled to whispering gallery mode resonators (see

in Fig. 1) is

Xjmin > 2
c

4pRn0

� �2 T
x0

ffiffiffiffiffiffiffiffiffiffiffiffi
�hx0

PouttM

s
; ð18Þ

where Pout is the output light power (we assume

equal output powers of the counterpropagating

light waves P� ¼ Pout=2), tM is the measurement

time. This sensitivity is 4p=T times higher than the

sensitivity of a conventional gyroscope that uses a

usual waveguide sensor. This factor is character-

ized by the resonator finesse and it may be as large
as 104 for highly oblate spheroids [18] and 106 for
microspheres [17]. Hence, utilization of the reso-

nator-modified waveguide may significantly in-

crease sensitivity of the rotation measurements. On

the other hand, similar enhancement of the mea-

surement sensitivity was earlier found for a rota-

tion sensor based on a passive ring resonator of

radius R [1]. Therefore, usage of the resonator-
modified waveguide is reasonable when it is im-

possible to obtain high-Q factors for such a large

optical resonator. Moreover, we show in the fol-

lowing that the single resonator rotation sensor,

not the sensor based on the resonator-modified

waveguide, has the maximum sensitivity of

the measurement, determined by the material

absorption.
Eq. (9) is valid for a resonator of any radius,

but Eq. (18) was obtained under assumption that

the radius of the resonator is much smaller than

the radius of the waveguide. Direct substitution of

this expression into Eq. (17) is not always possible.

Deriving Eq. (17) we assumed that the rotation

does not change properties of the ‘‘medium’’ the

waveguide is fabricated from. This is true if the
system includes point-like atoms. If the system

includes resonators of a finite radius a, the rotation
of the resonators influences the system response.

The effect scales as a=R compared with the basic
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effect discussed above. If R � a, the influence may

be neglected.

If ratio a=R is not small, the rotation of the

resonators may act constructively as well as de-

structively on the measurement sensitivity. If the

light propagates in the same direction in the loop
and in the resonators, with respect to the loop

rotation, the phase shifts due to resonator rotation

and the waveguide loop rotation have the same

sign. The resultant signal increases. It happens

when the resonators are placed along the inner

boundary of the waveguide loop. The phase shifts

have the opposite signs when the resonators are

placed outside of the circle.
Coupling of many resonators to the single

waveguide and achieving the same resonant fre-

quency for all of them is not an easy task. One of

solutions here is producing resonators from

germanate glass and subsequent permanent tuning

of their spectra using ultraviolet radiation. It was

shown that such a method allows for a mode fre-

quency shift at the free spectral frequency range of
a resonator while quality factor of the resonator

stays intact [19,20].
5. A gyroscope based on a waveguide coupled to

optical microresonators with losses

Presence of optical losses could significantly
change infers made above, especially if we try to

achieve maximum possible sensitivity of the gyro

with real materials possessing finite absorption.

Absorption is one of the main hindering mecha-

nisms of the sensitivity increase of usual passive

gyroscopes. The sensitivity increases with optical

fiber length, however, it is impossible to use an

optical fiber with infinite length, because the sen-
sitivity depends also on the power of transmitted

light. The maximum fiber length is determined by

the absorption length of the material a�1.

Absorption restricts the maximum sensitivity in

our case as well. Because optical resonators could

be made from the same material as the optical fiber

connecting them, for example, fused silica, the

average lifetime of a photon in such a resonator
cannot exceed c�1 ¼ n0ðacÞ�1

. The maximum Q-

factor of the resonator can be found from
Q ¼ 2pn0
ak

; ð19Þ

corresponding finesse F and factor T are

F ¼ ðRaÞ�1
; T ¼ 2pRa: ð20Þ

Derived above equations for the gyro sensitivity

should be modified to take the absorption into

account. Transmission of a monochromatic elec-

tromagnetic wave of frequency x through a reso-

nator sidecoupled to a waveguide may be
characterized by coefficient

TL ¼ cc � c� iðx� x0Þ
cc þ cþ iðx� x0Þ

; ð21Þ

where TL is the transmission of light amplitude, c,
cc, and x0 are the linewidth originated from in-

trinsic resonator losses, linewidth due to coupling

to a waveguide, and resonance frequency of a
mode of the resonator (we assume that jx� x0j is
much less than the resonator free spectral range).

It is easy to see that the transmission is zero at the

resonance and under condition of critical coupling

(cc ¼ c) [21,22].
Eq. (8) should be modified accordingly

~EoutðtÞ ’
cc � c
cc þ c

~Ein t
�

� 4s
T

�
; ð22Þ

where T ’ sðcc þ cÞ. Transmission and dispersion
for a long fiber (fiber length L is much bigger

than R) coupled to the resonators could be

estimated as

~EoutðtÞ ’ exp

�
� cL
ccR

�
~Ein t

�
� 2L
ccR

�
; ð23Þ

which shows that for absorption expð�1Þ maxi-

mum time delay is equal to 2c�1 ¼ 2n0ðacÞ�1

and, hence, is restricted by the properties of

material only. Presence of a large number of

resonators does not lead to the efficient increase
of the delay time compared with a single reso-

nator with maximum possible Q-factor. Fabri-

cation of a large high-Q resonator can be a

problem, and only then the resonator-modified

waveguide is preferable.

Let us assume that we use a single whispering

gallery mode resonator of radius R to detect the
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rotation. The sensitivity of the measurement based

on phase change

X > 2
c

4pRn0

� �2
2pRa
x0

ðcc þ cÞ2

cjcc � cj

ffiffiffiffiffiffiffiffiffiffi
�hx0

PintM

r
ð24Þ

can be minimized at cc ¼ 3c.
6. Conclusion

We propose to use resonator-modified optical

waveguides for fabrication of optical gyroscopes.

We show that such a composite structure would
allow for several orders of magnitude sensitivity

enhancement that is particularly important for

gyroscopes on a chip. The basic idea is based on the

increase of the optical dragging and Sagnac ef-

fects in materials possessing large linear dispersion.

We also show that to achieve the maximum

possible sensitivity of a passive rotation sensor it is

better to use a large high-Q optical resonator of
radius R instead of several resonators with the

same Q and smaller size, coupled to a waveguide

of the same radius R. This conclusion is a conse-

quence of the presence of intrinsic absorption in

realistic materials. If the absorption is neglected

the sensors have nearly equivalent sensitivity.
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